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Abstract

The Monte Carlo Application ToolKit (MCATK) code development team has implemented Monte
Carlo photon transport into the MCATK software suite. The current particle transport capabilities in
MCATK, which process the tracking and collision physics, have been extended to enable tracking
of photons using the same continuous energy approximation. We describe the four photoatomic
processes implemented, which are coherent scattering, incoherent scattering, pair-production, and
photoelectric absorption. The accompanying background, implementation, and verification of these
processes will be presented.

Keywords: Monte Carlo, photon transport, coherent scattering, incoherent scattering,
pair-production, photoelectric effect, photon production, MCATK
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1. Introduction

The Monte Carlo Application ToolKit (MCATK) (Adams et al., 2015; Sweezy et al., 2015) is a
modern Monte Carlo particle transport parallel-aware software library developed at Los Alamos
National Laboratory. It is designed to provide new component-based functionality for existing
software as well as provide the building blocks for specialized applications. The purpose of this
paper is to explain the methodology that MCATK employs for continuous energy photon transport,
including a description of the relevant central physics processes, implementations, potential pitfalls,
and future improvements.

We leverage the basic particle transport kernels for neutron tracking and collisions presently in
MCATK with the corresponding changes for continuous energy photon transport. In this report, our
focus is on the basic description of the physics for four photoatomic processes (photons interacting
with an atom) and the implementation of these processes: coherent scattering, incoherent scattering,
pair-production, and photoelectric absorption. A good reference that describes the physics for these
photoatomic interactions is Evans (1982). An overview of the Monte Carlo photon transport and
sampling algorithms is found in Carter and Cashwell (1977) and Lux and Koblinger (1991).

Section 2, the report is broken into individual subsections covering each of the four photoatomic
processes of interest: coherent scattering (Subsection 2.1), incoherent scattering (Subsection 2.2),
pair-production (Subsection 2.3), and photoelectric effect (Subsection 2.4). A description of
photons created from neutron interactions is given in Section 3. Verification results for the MCATK
implementation are presented in Section 4. Section 5 summarizes this report.

2. Photoatomic Interactions

It is well known that electromagnetic radiation can be scattered by charged particles
that are free to respond to the incident electromagnetic wave. In the quantum theory,
this process must be described as the absorption of the quantum from the incident light,
and the emission of another quantum in the new direction. Insofar as energy-momentum
relations are concerned, however, this process can equally well be described as the
scattering for a single particle, which is not destroyed, but which merely suffers a
change of energy and momentum.

-David Bohm (Bohm, 1958, p. 33)

Often electromagnetic radiation is classified by the frequency (or the related wavelength) it
possesses. A good example is the common electromagnetic spectrum chart, which starts at one
end of the chart (the higher frequency spectrum) and decreases in frequency moving to the other
end of the chart (e.g., gamma-rays, X-rays, ultra-violet, visible, infrared, and so on). Photons
are nothing more than electromagnetic radiation. It is often more convenient to classify photons
by their mode of origin. For example, gamma-rays accompany nuclear transitions; annihilation
radiation is emitted by a positron and electron combining; continuous X-rays are produced by the
acceleration of charged particles; and characteristic X-rays are emitted by the atomic transitions of
bound electrons.

Regardless the mode of origin, the subsequent interactions depend only on the photon’s quantum
energy, E = hv, where h is Planck’s constant and Vv is the photon frequency (Einstein, 1905, 1967).
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Figure 1: An example of the photoatomic interaction cross sections as a function of energy for
the element Uranium. The four partial cross sections of each interaction and the total cross section
are presented. The data plotted is from the eprdatal?2 library. For previously released libraries
like mcplib04, the data tables do not extend below 1 keV in energy as indicated by the vertical
gray dashed line.

For instance, once a gamma-ray is emitted from a nucleus then its material interactions are that of
an individual photon at a given energy. The photon, in single events, is either scattered or absorbed.
For the interested reader, these and other interactions are described in Evans (1982), Hubbell (1999),
Hubbell (2006b), and Pratt (2014).

Photons may interact with an atom as a whole, as with electrons bound to the nucleus, or they may
interact with the nucleus itself. The former interactions are referred to as photoatomic reactions,
while the latter are referred to as photonuclear reactions or photodisintegration. Photonuclear
reactions typically have a high threshold (most at about 8 MeV), are dominated by photoatomic
reactions for even higher energies (Evans, 1982, p. 673-674), and are a small component of the total
photon cross section. For this reason, only photoatomic reactions are modeled by MCATK at this
time.

The four photoatomic processes' to be presented in this report are coherent (elastic) scattering,
incoherent (inelastic) scattering, pair-production (absorption), and photoelectric effect (absorption).
Fig. 1 illustrates, for Uranium (atomic number, Z = 92), the four partial cross sections for each type
of interaction and the total cross section which is the sum of the partials.?

Coherent scattering may happen when an incident photon interacts with an electron. The
recoiling electron then accelerates before emitting radiation at the same frequency and phase as the

"Evans (1982, p.729) describes five interactions of photons with matter and categorizes them into primary, secondary,
and tertiary processes and particles. Of the primary processes, four are photoatomic processes and the fifth process is
the photonuclear reaction. We will be using Evan’s categorizations in this report.

ZNote that MCATK uses a default minimum photon energy cutoff of 1 keV.



incident photon (see Evans (1958, p. 291) and Evans (1982, p. 819)). It appears as if the photon
has changed direction without changing energy and is elastically scattered. Coherent scattering,
which is a primary photon process, occurs at lower energies and is typically dominated by the other
three primary processes at all energies as seen by the cross sections in Fig. 1. Coherent scattering is
forward peaked, particularly at high energies, and so its effect is often negligible for high-energy
photons.

Incoherent scattering, like coherent scattering, occurs when an incident photon interacts with an
electron. Unlike coherent scattering, the outgoing photon has a different frequency, and therefore
a different energy, than the incident photon (Evans, 1982, p. 674). The outgoing photon can be
thought of as a secondary photon. The expected total energy of the system is conserved due to an
accompanying outgoing recoil electron (a secondary electron). But due to transfer of energy to the
target electron from the incident photon then the scattering event can be thought of as inelastic.
Fig. 1 shows that incoherent scattering is most significant at intermediate energies.

Pair-production occurs when a photon with energy at least twice that of the rest-mass of
an electron (i.e., an energy greater than ~ 1.022 MeV), interacts with the field of a nucleus to
spontaneously produce an electron-positron pair (Evans, 1982, p. 701). The paired particles can
be thought of as secondary electrons. The subsequent positron annihilation, a secondary process,
will create exiting photons (e.g., gammas) (Charlton and Humberston, 2001; Evans, 1982, p. 629).
These photons can be considered as tertiary radiation. Pair-production is the dominant interaction at
high energies as seen in Fig. 1.

The photoelectric effect, which is considered a primary process, happens when an incident
photon is absorbed by an atom, causing the ejection or excitation of an orbital electron (Evans, 1982,
p. 695). This responding orbital electron is considered a secondary electron. It is the dominant
photon reaction at low energies (see Fig. 1).

Presently, MCATK does not have charged particle (especially electron) transport available. Due
to this short-coming, MCATK does not account for the electron production of Bremsstrahlung
photons. Also, MCATK is not modeling the fluorescence produced from the excitation casade of
atomic electrons. To be clear, MCATK completely ignores the electrons (including any electron
energy deposition) at this time.

Descriptions of each of the photoatomic processes and how they are implemented in MCATK
will be explained in Subsections 2.1 to 2.4. Each subsection contains its subsubsections detailing
the Monte Carlo implementation for each process.



E=hv

Figure 2: Illustration of coherent scattering. An incident photon of energy, E = hv, scatters off
an electron and exits in a scattering cosine direction, cos 8, with an exiting energy equal to the
incident energy, E =E=hv. (Based on Evans (1982))

2.1. Coherent Scattering

Elastic scattering of photons by bound atomic electrons is often called Rayleigh scattering (Roy
etal., 1993, 1999; Evans, 1958, 1982) named after Lord Rayleigh who first described this type of
light scattering (Strutt, 1871a,b). Other commonly used terms for Rayleigh scattering are explained
by Roy et al. (1993),

Two other terms “elastic scattering” and “coherent scattering”, have also been used
interchangeably in discussing Rayleigh scattering. Although the two concepts are not
identical, they can be used for Rayleigh scattering without much confusion as Rayleigh
scattering is both elastic and coherent. By elastic scattering we mean that in the center
of mass system of projectile and target the incident and final projectile energy are
the same, which implies there is no transfer of energy between projectile and internal
degrees of freedom of the target. On the other hand, by coherence we understand that it
is only possible to define a cross section for a process that corresponds to a transition
between observable initial and final states and that amplitudes for elastic scattering off
different bound electrons must be added coherently.

In this report, we will refer to Rayleigh scattering as coherent scattering.

Coherent scattering, physically, is when a photon incident on an electron will accelerate the
electron, which in turn causes the electron to emit radiation. Fig. 2 illustrates this primary process
that is often described as “scattering” of the incident photon. If the incident photon energy (hv) is
much less than the target electron rest-mass energy (m.c>) then the emitted photon will have the
same energy as the incident photon but does not necessarily emit along the incident direction. In
the following subsubsections, we will build the coherent differential cross section and how it is
sampled.

2.1.1. Thomson Cross Sections

Though Lord Rayleigh correctly predicted a (1 + cos” @) factor for the angular distribution
of photon scattering (Strutt, 1871a,b), it would be Thomson (1903), using the classical theory of
electromagnetic radiation and the theory of the electron who first accurately described a photon
scattered off a free and at-rest electron. This process is described using the Thomson differential
collision cross section and is defined by

2

d omson
(cOthomson) =T(cos Q)= % (1+cos*8), (1)

dQ
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where r, is the classical electron radius® which is approximately equal to 2.8179 fm, the solid
angle is dQ =27 sin 0 d 0O, and cos 0 is the exiting photon cosine direction as explained in Evans
(1958, 1982).* T(cos ) is established here for later use in other sections. Eq. (1) is valid when
the electron binding energy, B,, is much smaller than the incident photon energy and the incident
photon energy is in the classical limit (B, < hv < moc?).
For completeness, we include the Thomson total collision cross section (Thomson, 1903)°
which is found by integrating the right-hand side of Eq. (1) over dQ2 and which has the value
8 2

eOThomson = §7rre ) (2)

which is approximately equal to 0.6652 barns.

2.1.2. Coherent Cross Sections

In the previous subsubsection, “Thomson Cross Sections”, the scattering description is for a
photon interacting with a free and at-rest electron. A more general description needs to include the
bound electron interactions which is the case for atoms. There are several good articles regarding the
general case of coherent scattering of photons off atoms (Roy et al., 1999; Hubbell, 1999, 2006b).
Using a common approximation, the Thomson differential collision cross section of Eq. (1) can be
re-expressed with a scaling function as the coherent differential collision cross section and can be

written as
d (e Ocoh )
dQ

Where C(Z, V) is the coherent scattering function, often called the form factor, which is a function
of atomic number, Z, and the momentum transfer v = Ka /(1 —cos 8). Where K = mec/ /2 h
[Angstroms™1] and o [unitless] is the incident energy, E, per electron rest-mass energy.

In general, the coherent form factors normalized by Z approaches the value of unity
(C(Z,v)/Z — 1) as v — 0, which means the binding energy is much less than the incident photon
energy, B, < hv, and the electron is basically a free at-rest electron and the coherent differential
cross section becomes the Thomson differential cross section. The normalized form factor values
fall off to zero (C(Z,v)/Z — 0) as v — oo which means that B, — o, or the whole atom absorbs the
incident photon momentum.

= C*(Z,v) T(cos ). (3)

2.1.3. Sampling Coherent Scattering

In early released versions of the photon data libraries (mcplibsXX) the form factors were
tabulated over the momentum transfer domain 0 < v < 6, and in more recent libraries (eprdatal?2)
by Hughes (2013a,b,c), the data domain increases to v = 10°. To help visualize the coherent form
factors and the two libraries tables differences, we plot in Fig. 3, the normalized form factors as

3Jackson (1975) explains the naming, “since a classical distribution of the charge totaling the electronic charge must
have a radius of this order if its electrostatic self-energy is to equal the electron.” Evans (1982) notes that, “This is not
to be interpreted as having any significance in respect to the probable finite ‘size’ of an actual electron. Indeed, we
have just seen that, in the derivation of the Thomson cross sections, the theory treated the electron as if it were a point
charge.”

“The units of Eq. (1) are [cm? /electron/steradian]. 1 barn = 100 fm* = 10=2* cm?.

SThomson’s 1903 version had a factor of 2 error for the derivation of the total cross section [p. 268-271] which is
corrected in the 1906 version.
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Figure 3: Coherent form factors (C(Z,v)) for Uranium, normalized by Z = 92, as a function
of the scattering cosine. The labels 04p and 12p refer to the photon data libraries mcplib04
and eprdatal?, respectively. Shown are curves for incident photon energies of £ = 100, 150,
and 200 keV. The mcplibs04 form factors truncate to zero for cosines approximately at —0.1,
0.5, and 0.7 for incident photon energies of 100, 150, and 200 keV/, respectively.

a function of cosine for Z = 92 and the three incident energies (100,150,200 keV). Note: The
mcplibs04 form factors truncate to zero for cosines approximately at —0.1, 0.5, and 0.7 for incident
photon energies of 100, 150, and 200 keV, respectively. This is due to the shorter tabular domain of
v for the mcplibs04 coherent form factors compared to the eprdatal?2 form factors.

Here we will describe the flow of the coherent scattering algorithm and point directly to MCATK
software routines that handle this algorithm. For the C++ class, CoherentScatterReaction,
the basic flow of sampling the coherent scattering in MCATK (which is found in the class func-
tion SampleExitPhoton()) is shown in Fig. 4. For coherent scattering it is more efficient to
sample from the form factors, C(Z,v), using an analytic interpolation® and using rejection on the
normalized Thomson differential cross section term from Eq. (1). MCATK converts the momentum
transfer, integrated form factor, and form factor data to the common logarithm (base-10) at setup
time and uses those values in a corresponding analytic interpolation algorithm.

In Fig. 4, the input for the algorithm is the incident photon energy, E, and a random number
generator, R, while the output is the exiting scattered photon energy, E "—E, and scattering cosine
(cos 0). The analytic interpolation is done in the class CoherentScatterReaction member
functions, calculateIntegratedFFSquaredMaz () and sampleCosine().

The analytic interpolation implemented by MCATK was communicated by G. Hughes, referred to in Hughes
(2013a), and follows the implementation in MCNP6 (Goorley et al., 2012).

9
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Figure 4: CoherentScatterReaction: :SampleExitPhoton () : Flowchart for sampling the
Coherent Scattering in MCATK. The inputs are the incident photon energy, E [MeV] and the ran-
dom number generator, R. The &; and &, are random numbers from the generator and E, is the rest-
mass energy of the electron. The outputs are the exiting photon energy, E '—E [MeV], and scatter-
ing cosine. MCATK uses analytic interpolation in the calculateIntegratedFFSquaredMaz ()
and sampleCosine () functions, and uses rejection on the normalized Thomson cross section
term.Note: That (KV)uax = V2 Kyp = 41.2166 and K 7y = mec/(h\/2) = 29.1445 Angstroms™".
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2.1.4. Examples of Sampling Coherent Scattering

Within the MCATK testing framework is a “focused-integrated” test for the
CoherentScatterReaction: :SampleExitPhoton() function that can be called directly in-
stead of with a fully integrated transport problem. The following Program 1 is an example of the
test that was used to create the coherent exiting cosine distributions as seen in Figs. 5, 6, and 7. The
sampling distributions are compared to the analytic coherent probability of scattering (PSC) in a
given direction described by Eq. (A.1) in Appendix A.” All three figures were generated using
the form factors from the data library mcplib04. The three MCATK sampled cosine distributions
match nicely to the analytic coherent PSC.

Program 1 Sampling of the Coherent Scattering Cosine. Partial source code only.

TEST (SampleExitReaction_Coherent_Scattering) {

CoherentScatterReaction CSC(Data_mcplib04);
Tally tally;

for(auto i=0; i<Samples; ++i) {
Rxn::Result Exit_results =
CSC.SampleExitPhoton( incomingEnergyMeV, rand );

tally.Binning( Exit_results.cosine );

}
std: :vector<double> Bins = tally.getDistribution();

For Fig. 5, the two coherent methods at an incident energy of 0.0011 MeV match each other
well. At this energy, the limited momentum transfer, v, domain of the coherent form factors for
Uranium, is not a factor in the distributions.

In Figs. 6 and 7, the two methods follow each other fairly well. However, unlike the previous
figure, the limited momentum transfer domain in the coherent form factors is demonstrated as the
distributions drop to zero at approximately Cosine = 0.5 and 0.99, respectively. The black circle
distribution is matching the coherent PSC curve (in red) at that transition.

"For comparing to the sampled distributions, the PSC calculated was the unnormalized probabil-
ltyv pcah(sza,u) Gcoh(sz)'

11
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Figure 5: Uranium coherent scattering cosine distribution at £ = 0.0011 MeV. The MCATK
sampling from the CoherentScatterReaction: :SampleEzitPhoton () function compared
to the analytic probability of scattering (PSC).

Uranium Coherent (ncplib04) - 0.15 MeV
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Figure 6: Uranium coherent scattering cosine distribution at £ = 0.15 MeV. The MCATK
sampling from the CoherentScatterReaction: :SampleEzitPhoton () function compared
to the direct analytic probability of scattering (PSC). Note: The cosine domain view has been
reduced from -1.0 to 1.0 to just 0.40 to 1.00.
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Uranium Coherent (mcplib04) - 1.0 MeV
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Figure 7: Uranium coherent scattering cosine distribution at £ = 1.0 MeV. The MCATK sampling
from the CoherentScatterReaction: :SampleExitPhoton () function compared to the direct
analytic probability of scattering (PSC). Note: The cosine domain view has been reduced from
-1.0 to 1.0 to just 0.90 to 1.00.

2.2. Incoherent Scattering

Incoherent scattering, in the case of a photon off of an atom (more specifically a charged particle,
usually an electron), means the outgoing photon will no longer have the same phase and frequency
of the incident photon. This is commonly known as Compton scattering (Compton, 1923), where
in some cases the exiting photon has a decreased energy compared to the incident energy of the
photon as seen in Fig. 8. The exiting photon is accompanied by an exiting recoil electron that has
absorbed the energy difference between the incident photon and exiting photon which conserves the
total energy in the system. The total energy conservation equation can be written as

E+E.,=E +E,, (4)

where E is the incident photon energy, E, is the rest-mass energy of the electron, E "is the exiting
photon energy, and E; is the exiting recoil electron energy which is the sum of kinetic energy
plus rest-mass energy. Note: Since the target electron take on kinetic energy that is equal to the
difference between the incident photon and exiting photon, then the collision is considered an
inelastic scattering event. Photon scattering at very low photon energies (hv < E,) off a free
and at-rest electron is described by the non-relativistic classical theory of Thomson (as previously
presented in Subsection 2.1). But as the photon energy, 2V, approaches the rest-mass energy of the
electron, m,c?, the relativistic corrections quickly become important. The exiting photon energy
(E/ = hv/) is given by the Compton-Debye energy shift formula (Compton, 1923; Debye, 1923,
1954)

E' =E[1+a(l —cos6)] ", (5)
where E = hv is the incident photon energy, oo = E /E, is the normalized incident photon energy,
and cos 0 is the scattering cosine of the photon.?

8Though the Compton-Debye wavelength shift is independent of the incident photon energy, it is important to note
that the energy shift is strongly dependent on the incident photon energy.

13



Figure 8: Illustration of Basic Incoherent Scattering. An incident photon of energy, E = hv,
scatters off an electron. Exiting is a photon with scattering cosine, cos 8, and an exiting energy,
E =hv. Accompanying the exiting photon is a recoiling electron with an scattering cosine, cos ¢,
and an energy, E;. (Based on Evans (1982))

2.2.1. Klein-Nishina Cross Section

In 1929, Klein and Nishina (1929, 1994) provided a differential scattering cross section for
Compton scattering. Their derivation, often called the Klein-Nishina formula, was one of the first
successful applications from the study of quantum electrodynamics (QED) and is one of the earliest
confirmations of the Dirac electron theory (Evans, 1982; Brown, 2002). The Klein-Nishina formula
is an approximation that is exact for a free and at-rest electron.

The Klein-Nishina differential collision cross section formula for unpolarized photons’

d(,Okn) 1o 2 1 : a?(1—cosB)?
io o (IFcosd) [l—l—a(l—cose)} {1+(1+cos29)[1+a(1—cos0)]}’ ©)

where r, is the classical electron radius.!? Note: That at low energies (o < 1), Eq. (6) reduces
to the classical non-relativistic Thomson differential collision cross section formula described in
Eq. (1).

Sometimes it is more convenient to write the Klein-Nishina differential collision cross section in
an energy (or frequency) form (Evans, 1982, p.683). By using Eq. (5) then Eq. (6) can be re-written
as

2
!
r2 [ a

(04 Ot/
:K(E,COSG):T E E—FE—F]—COSQ s (7)

d(.OkN)
dQ

where o and @' are the incoming and exiting photon energy per electron rest-mass energy (m.c?),
respectively.!! K(E,cos ) is established here for later use in other sections.

A more general form of the Klein-Nishina formula is for a source of incident polarized photons and is described
by Evans (1982). For more on polarization effects and photon transport then see Fernandez et al. (1993) and Ramella-
Roman et al. (2005).

10See Evans (1958, 1982) for more details about the physical meaning of certain terms in Eq. (6).
"'"The units for Egs. (6) & (7) are in [cm? /electron/steradian).
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For completeness, the total collision cross section is presented.'> The Klein-Nishina total
collision cross section is found by integrating the right-hand side of Eq. (6) or Eq. (7) over d€2 and
gives the form

l+a[2(l+a) 1 1 1+3a
= 27,2 — ZIn(1+2 —In(14+20) — ————_ %
¢OKN = =TiTe { a2 { 1+2a0 « n(1+ a)}Jr n(1+22) (1+2a)2} ®

20
This cross section!? is described by Evans (1958, p. 684), “The total (or average) collision cross
section is the probability of removal of the photon from a collimated beam while passing through
an absorber containing one electron/cm=.” For small values of &, a power series gives

&t , 26 5, 133 4

OKN = — 1 -200+—0"———a’+...|. 9
eOKN 3 Te ( + 5 10 + ©)
This series can be useful when Eq. (8) becomes numerically unstable at smaller values of o.!# It is
easy to see from this series expansion that as ¢ goes to zero, the Klein-Nishina total collision cross
section goes to the Thomson total collision cross section in Eq. (2). The expansion coefficients for

Eq. (9) can be found using the formula

(—2)"(16 +22n+ 171> + 81 +n*)
6+ 11n+6n%+n3

where n > 0 and is integer values. Eq. (10) was found with Wolfram Research, Inc. (2015) using

Mathematica’s SeriesCoefficient () function applied to Eq. (8). For the total Klein-Nishina

cross section formula, when the incident o < 0.125, the power series expansion in Eq. (9) is used.
In MCATK, Horner’s rule is used to evaluate this polynomial (Horner, 1819; Knuth, 1998, p. 486).

D, = ; (10)

2.2.2. Incoherent Cross Section

As shown in the subsubsection on Thomas scattering cross section, the Klein-Nishina cross
section assumes the scattering description is for a photon interacting with a free and at-rest elec-
tron. A more general description needs to include the bound electron interactions for the case
of atoms (Veigele et al., 1966; Hubbell, 1997, 2006b). The Klein-Nishina differential collision
cross section of Eq. (7) can be re-expressed by applying a scaling function to the Klein-Nishina
differential equation into what is called an incoherent differential collision cross section as

d (e Gincoh)
dQ
where I(Z,v) is the incoherent form factors, which is a function of atomic number, Z, and the
momentum transfer, v, as defined after Eq. (3).

In general, the incoherent form factors normalized by Z drops to the value of zero (I(Z,v)/Z — 0)
as v — 0, or the whole atom absorbs the momentum. The normalized form factor values approaches
unity (I(Z,v)/Z — 1) as v — o which means that B, is negligible compared to the incident photon
energy, B, < hv, which means the electron is basically a free at-rest electron and the incoherent
differential cross section becomes the Klein-Nishina differential cross section.

= I(Z,v) K(E,cos0), (11)

2Though the MCATK library has available the use of the Klein-Nishina total collision cross section, it is not being
directly used at this time in our photon algorithms.

13Eq. (8) is the same for both polarized and unpolarized incident radiation and has units of [cm? /electron].

1Eq. (8) is numerically unstable due to the near cancellation of the logarithm and algebraic terms.
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Incoherent Form Factors Uranium (Z=92)
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Figure 9: Incoherent form factors (/(Z,v)) for Uranium, normalized by Z = 92, as a function of
the scattering cosine. The labels 04p and [2p refer to the photon data libraries mcplib04 and
eprdatal2, respectively. Shown are curves for incident photon energies of £ = 100, 150, and
200 keV for each library.

2.2.3. Sampling Incoherent Scattering

As mentioned previously in Subsubsection 2.1.3: “Sampling Coherent Scattering”, the earlier
versions of the photon data libraries (mcplibsXX) have limited momentum transfer domain. Simi-
larly the incoherent form factors are tabulated over a limited momentum transfer domain, in this
case, 0 < v < 10. But in more recent libraries (eprdatal2) by Hughes (2013a,b,c) the momentum
transfer domain is up to v = 10°. To help visualize the incoherent form factors and how the two
library tables differ, we plot in Fig. 9 the normalized form factors as function of cosine for Z = 92
and three incident energies (100,150,200 keV'). Note: The mcplibs04 form factors are forced
to unity for decreasing cosines approximately at —0.98, 0.11, and 0.5 and for incident photon
energies of 100, 150, and 200 keV, respectively. This is due to the shorter tabular domain of v for
the mcplibsXX incoherent form factors compared to the eprdatal2 form factors.

The logic flow for calculating the resulting photon energy and direction from incoherent scatter-
ing in MCATK is given in Fig. 10. The MCATK C++ class is IncoherentScatterReaction. Un-
like the coherent sampling, in the class function SampleEzitPhoton (), we sample for an exiting
energy and direction from the Klein-Nishina cross section in the class function SampleKleinNishina ()
and base rejection on the incoherent form factor. To perform the sampling of the Klein-Nishina
differential cross section, the two sampling methods by Kahn (1956) and Koblinger (1975) are
implemented and called from the member function SampleKleinNishina_General () '> which
uses the Kahn method for o < 3.0 and Koblinger Method for o > 3.0. The combined use of
these two methods is suggested by Blomquist and Gelbard (1983). The incoherent momen-

ISMCATK uses an analytical model for Hydrogen in member function SampleKleinNishina_Hydrogen ()
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tum transfer and form factor data have been converted to common logarithm (base-10)'°, so
the use of linear-linear interpolation for the incoherent form factors is performed in the func-
tion IncoherentScatterReaction: :IncoherentFF ().

The MCATK implementation of the Kahn (1956) sampling method is illustrated by the flowchart
in Fig. 11. The method has an input of & and a random number generator, R, and an output of a
suggested exiting o and a scattering cosine. At this time, we do not allow an incoming o under a
value of 1x10~7 due to extreme inefficiencies in sampling. It has been shown by Blomquist and
Gelbard (1983) that the Kahn method is fairly efficient (~ 60 percent) at a < 3. For o@ > 3, more
efficient alternative methods were suggested to replace the Kahn method and we chose the Koblinger
(1975) method, as described in Fig. 12.

IOMCATK uses v = std: :numeric_limits<double>: :min() when v = 0 since the logrithm of zero is not
defined.
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a=E/E,

v

Vmax = (Kv)max a
ff . = IncoherentFF (v

max )

(o', cosine)
= SampleKleinNishina(a, )

v =K, -a+/1-cosine

ff = IncoherentFF (v)
ﬂ:random = 5 ﬁmax

False True
ff > ff

Figure 10: IncoherentScatterReaction: :SampleExitPhoton () : Flowchart for sampling
the incoherent scattering in MCATK. The inputs are the incident photon energy, E [MeV], and
the random number generator, R. The & is the random number from the generator. E, is the
rest-mass energy of the electron. The outputs are the exiting photon energy, E' [MeV] and the
scattering cosine. Note: We sample the Klein-Nishina cross section and perform rejection of the
incoherent form factor, ff. Note: That (KV) e = V2 Kyr=41.2166 and K¢y = mec/(h V2) =
29.1445 Angstroms ™.
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(a,R)

at=1la
L=1/(2a+1)

y

t=1/(1+88")

s=4"(1+2a-&)
cos=1+a"(1-1/5s)

r:2'é€2
s=1/(1+ar)

a =as a =as

cosine=cos cosine=1-r

// (d,cosine)H
C Stop )

Figure 11: KahnMethod () : Flow of Kahn sampling method (Kahn, 1956) for selecting an energy
and scattering cosine for Klein-Nishina sampling in MCATK for ¢ < 3. The inputs are the
scaled and unitless incident photon energy, , and the random number generator, R. The &; are
the random numbers from the generator. The outputs are the exiting photon energy, o and the
scattering cosine.
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CR=2.CP,

CP, =CP + 2a(a +1)- §°
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A
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Figure 12: KoblingerMethod () : Flow of Koblinger (direct) sampling method (Koblinger, 1975)
for selecting an energy and scattering cosine for Klein-Nishina sampling in MCATK for o > 3.
The inputs are the scaled and unitless incident photon energy, o, and the random number generator,
R. The &; are the random numbers from the generator. The outputs are the exiting photon energy
((xl) and the scattering cosine.

20



2.2.4. Examples of Sampling Incoherent Scattering

Following closely the sampling of coherent scattering in Subsubection 2.1.4, we tested the sam-
pling of the incoherent scattering. So, within the MCATK testing framework we setup a “focused-
integrated” test that could be called explicitly, and not in a fully integrated transport problem, for the
IncoherentScatterReaction: :SampleExitPhoton () function. The following Program 2 is
an example of the test that was used to sample for the incoherent exiting cosine distributions and
energy as seen in Figs. 13, 14, and 15 and the Figs. 16, 17, and 18, respectively. All six figures
were generated using the form factors from the data library mcplib04.

The Figs. 13, 14, and 15 show the scattering cosine distribution for incident energies of
0.0011, 0.15, and 1.0 MeV, respectively. The sampling of the scattering cosine distributions are
compared to the incoherent analytic probability of scattering (PSC) in a given direction as described
by Eq. (A.5) in Appendix A."7

Program 2 Sampling of the Incoherent Scattering Cosine. Partial source code only.

TEST (SampleExitReaction_Incoherent_Scattering) {

IncoherentScatterReaction ISC(Data_mcplib04);
Tally tally;

for(auto i=0; i<Samples; ++i) {
Rxn::Result Exit_results =
ISC.SampleExitPhoton( incomingEnergyMeV, rand );
tally.Binning(Exit_results.cosine);

+
std: :vector<double> Bins = tally.getDistribution();

All of the MCATK (sampled) and MCATK PSC curves match well. Note: For an energy of
0.15 MeV in Fig. 14 at about a cosine of 0.1, there is a “small kink™ in the MCATK and MCATK
PSC distributions. This is from the limited domain of the momentum transfer, v = 10, for the
incoherent form factors. It is not very pronounced due to the scaling of the plot and the figure.

The MCATK sampling of the energy distributions is compared to MCNPG6 results. The
Figs. 16, 17, and 18 show the exiting photon energy distributions for incident energies of 0.0011, 0.15,
and 1.0 MeV, respectively. In Fig. 16, for an energy of 0.0011 MeV, both MCATK and MCNP6
could use a finer binning structure. For MCNP6, we used the PTRAC files which proved to be
somewhat more difficult to obtain the needed samplings at these smaller energy ranges. At the other
two energies the MCATK and MCNP6 curves match well.

17For comparing to the sampled distributions, the PSC calculated was the unnormalized probability pincon(Z,E —
E/,”) Gincah(zaE)-
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Uranium Incoherent (mcplib04) - 0.0011 MeV

0.030
0.025
0.020

Probability

0.010

0.015

0.005

0.000

-10 -08 -06 -04 -02 00 02 04 06 08 1.0

Cosine
o MCATK —MCATK PSC

Figure 13: Uranium incoherent scattering cosine distribution at £ = 0.0011 MeV'.
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Figure 14: Uranium incoherent scattering cosine distribution at £ = 0.15 MeV'.

Uranium Incoherent (mcplib04) - 1.0 MeV
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Figure 15: Uranium incoherent scattering cosine distribution at £ = 1.0 MeV'.
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Uranium Incoherent (mcplib04) - 0.0011 MeV
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Figure 16: Uranium incoherent exiting energy distribution for an incident photon at £ =
0.0011 MeV'.
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Figure 17: Uranium incoherent exiting energy distribution for an incident photon at £ =
0.15 MeV.
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Figure 18: Uranium incoherent exiting energy distribution for an incident photon at £ = 1.0 MeV.

23



atomic et~
nucleus

Figure 19: Illustration of pair-production. An incident photon with energy of at least, E = hv =
2E, interacts with the field of an atomic nucleus to spontaneously produce an electron-positron
pair. (Based on Evans (1982))

2.3. Pair-Production

Pair-production is a primary process which occurs when a photon with energy at least twice that
of the rest-mass energy of an electron (i.e., an energy greater than ~ 1.022 MeV') interacts with the
field of an atomic nucleus, as in Fig. 19, to spontaneously produce an electron-positron pair (Evans,
1982; Charlton and Humberston, 2001; Hubbell, 2006a). The incident photon energy is completely
absorbed and the particle pair is produced through energy creation. Pair-production is the dominant
photon interaction of the four possible interactions at high energies, see Fig. 1. The created electron-
positron pair has a total kinetic energy equal to the incident photon energy minus twice the electron
rest-mass energy. The particles decelerate through the system (generating Bremsstrahlung photons
as they do so) until the positron annihilates with an electron. The annihilation generally leads to the
emission of two 0.511 MeV photons (which is considered tertiary radiation) traveling in opposite
directions (Charlton and Humberston, 2001; Evans, 1982, p. 629).

2.3.1. Annihilation Photon Production

Positron annihilation is a secondary process. Since MCATK is not capable of charged particle
transport at this time, it is assumed the annihilation occurs at the incident photon collision site.
The direction for the first photon is sampled isotropically, and the second photon is emitted in the
opposite direction from the first. Each photon is emitted with 0.511 MeV.!8 It is important to note
that without a charge particle transport capability, Bremsstrahlung photons are not created and
transported in MCATK and the photon flux may be underestimated depending on the problem of
interest.

There are several annihilation state configurations possible, but nearly all annihilation radiation
comes from the singlet-state and produces two photons. The other configurations have extremely
low probabilities (Charlton and Humberston, 2001; Hubbell, 2006a; Evans, 1982, p. 629)

2.4. Photoelectric Effect (Absorption)

The photoelectric effect, which is considered a primary process and is illustrated in Fig. 20,
occurs when an incident photon is absorbed by an atom, causing the ejection or excitation of
an orbital electron (Einstein, 1905, 1967; Millikan, 1916). It is the dominant photon reaction at
low energies, see Fig. 1. The de-excitation of an excited electron can lead to the emission of

¥ MCATK implementation uses a electron rest-mass energy of 0.510998910 MeV.

24



Figure 20: Illustration of photoelectric effect. An incident photon, E = hv, is absorbed by an
atom, causing the ejection, E; or excitation of an orbital electron. (Based on Evans (1982))

some number of fluorescent photons, while the deceleration of an ejected electron will generate
Bremsstrahlung photons (Carter and Cashwell, 1977; Evans, 1982; Lux and Koblinger, 1991; Turner,
1992).

However, since neither fluorescence, nor charged particle transport, nor a thick-target Bremsstrahlung
model (Emigh, 1970; Evans, 1982, p.614) is implemented in MCATK at this time, photoelectric
events in MCATK are modeled as simple absorption of the incident photon.

3. Photon Production From Neutron Interactions

Many neutron interactions result in the emission of one or more photons (n,x7), e.g., inelastic
scatter, fission, capture, etc. The data describing photon emissions are contained in the neutron
continuous energy ACE (A Compressed ENDF) files (MacFarlane and Muir, 1997) rather than with
the continuous energy photon data.

Detailed photon production data does not exist for every possible interaction type that a neutron
may undergo with every isotope. Thus, the photon production data is often lumped into one or
several aggregate data tables. As a result, photon production events cannot be correlated to the
actual neutron interaction event that occurred in the simulation; the data may simply not exist.
Instead, the expected number of photons generated across all possible interactions for the incident
neutron energy is obtained. Photons may be generated even if the sampled neutron collision is of a
type that does not, in reality, produce any photons. For each photon generated, which may be more
than one per reaction, an exit state is sampled from the available photon production table or tables.
The exit state may correspond to a completely different reaction than that actually undergone by
the neutron, and it often corresponds to a different reaction than those sampled for other photons
created by the same neutron event. This method of generating photons leads to the correct expected
behavior, provided that enough neutron histories are simulated.

In order to limit the amount of time spent tracking photons, particularly in fissile regions in
which many photons are created per collision, the number of Monte Carlo photons generated by
neutron interactions is reduced. The weights of the new photons are increased to preserve the correct
physical number of photons created. MCATK uses a simplified version of an algorithm taken from
MCNP5 (X-5 Monte Carlo Team, 2003 Revised 2/1/2008) to reduce the number of Monte Carlo
photons created in each collision. If the expected number of photons is less than 1, then the number
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of Monte Carlo photons created, Nyc, is
Nuc = [N+E&], (12)

where N is the expected number of photons and & is a pseudo-random number between 0 and 1. If
the expected number of photons is greater than 1, then the number of Monte Carlo photons created
is

Nye = MIN(10,|N/5+1]). (13)

So, if the expected number of photons is greater than 1, then roughly one-fifth as many Monte Carlo
photons will be generated, and the number generated will always be between 1 and 10.

4. Verification Examples

We present some basic examples of verification work that was done as the photon physics was
implemented. These examples are not exhaustive and are only a small sampling of the unit and
integrated testing done to the photon transport implemention. In the following subsections (4.1 and
4.2), we will briefly discuss our collision and flux tally results, respectively.

4.1. Collision Tallies

After adding the sampling of gamma particles from neutron induced reactions (ie., (n,x7)), we
demonstrate the accuracy of the sampling and tracking implementation with a K,y eigenvalue
problem using coupled neutron-gamma physics and compare the behavior to MCNP6 values out of
the “Problem Summary Tables” in the following tables. The problem geometry consists of a sphere
of Uranium surrounded by a spherical shell of water. The neutron and gamma event tallies are
presented in Tables 1 and 2, respectively. The results show excellent agreement (~< 2%) between
the traditionally available neutron events, and also for the recently available photon events. The
relative percent difference in Compton events from Table 2 shows 2.58 percent less scores for
MCATK, but this is directly related to current design decisions in MCATK to treat photoelectric
events as terminal without generating any secondary photons. Because MCNP6 generates and tracks
these secondary photons and because a small fraction of these will undergo Compton collisions, its
Compton collision count will naturally be higher. However, due to the low energy of such photons,
the actual amount of total energy loss in the Compton events is virtually identical between the two
codes.

Table 1: Comparison of MCATK and MCNP6 neutron collision tallies from a K, ¢ calculation of a
Uranium sphere surrounded by water. Energy is in units of [MeV]. || MCNP — MCATK)|/MCNP

Neutrons MCATK MCNP6 Relative % Difference

Event Count | Weight | Energy | Count | Weight | Energy
SNIYEES 2503131 | 1.00000 | 2.04458 | 2500127 | 1.00000 | 2.03590 | 0.12 0.00 0.43
(n,xn) \ 9277 | 0.00371 | 0.00255 9128 | 0.00365 | 0.00249 | 1.63 1.52 2.11
ST 1000490 | 0.39969 | 0.42373 | 998639 | 0.39943 | 0.42125 | 0.19 0.07 0.59
T 1421573 | 0.56792 | 0.02877 | 1421768 | 0.56868 | 0.02881 | 0.01 0.13 0.13
leakage 85709 | 0.03424 | 0.03365 84287 | 0.03371 | 0.03297 | 1.69 1.57 2.06
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Table 2: Comparison of MCATK and MCNP6 photon collision tallies from a K, s calculation of a
Uranium sphere surrounded by water. Energy is in units of [MeV]. | MCNP — MCATK)| /MCNP
Photons \ Relative % Difference
Event Count | Weight Energy | Count | Weight | Energy Weight | Energy
(n,xy) 6748119 | 4.55594 4.72562 | 6733336 | 4.54900 | 4.71720 | 0.22 0.15 0.18
(O 10701902 2.05220 | 10984860 2.05072 | 2.58 0.07
pair prod 201878 | 0.13729 0.39470 200888 | 0.13658 | 0.39256 | 0.49 0.52 0.54
e -annihil 403756 | 0.27457 0.14031 401776 | 0.27316 | 0.13959 | 0.49 0.52 0.51
capture’ 5601407 | 3.96544 1.68789 | 5592790 | 3.95956 | 1.68460 | 0.15 0.15 0.20
leakage 1348590 | 0.72780 0.73262 | 1341433 | 0.72600 | 0.72741 | 0.53 0.25 0.72

4.2. Flux Tuallies

Another example of basic testing we utilized was to verify the MCATK track-length fluxes
compared to the MCNP6 track-length fluxes. The flux calculation starts with a bare sphere of
Uranium-235 that has a radius = 8.4707 cm and a density = 18.7 g/cm? and uses a mono-energetic
(1.0 MeV) neutron point source located at the center of the sphere with 1 million Monte Carlo
particles. The flux tallies were on 25 equal radially spaced spherical shells using two energy bins that
have edges for neutrons of (1x107'1, 0.5, 20.0) MeV and for photons of (1x107'1, 1.0, 20.0) MeV.
The time-dependent flux calculation is time integrated from O to 1 shake. Both neutron and photon
fluxes were tallied from this coupled n-y calculation. Tables 3 and 4 present the track-length flux
comparisons for neutrons and photons, respectively. The actual scalar fluxes from MCNP6 are
presented along with the MCATK absolute relative difference to the MCNP6 results.

For the flux tallies comparison, some MCNP6 physics was turned off for consistency with
MCATK: Compton Doppler broadening, fluorescence, thick-target Bremsstrahung approximation,
and unresolved resonance treatments.

For the neutron flux, MCATK and MCNP match very well to less than 0.5 percent. Notice that
the relative difference between the two codes grows slightly with increased radius. Similarly, for
the photon flux, MCATK and MCNP are in good agreement with to less than 1.6 percent and, again,
the relative difference increases with the increase in radius. We are not sure about this consistent
increase in flux with radius at this time.
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Table 3: Comparison of MCATK and MCNP6 neutron flux [neutron/cm?/sh]
from a time-dependent calculation of a Uranium sphere. Relative difference
calculations were performed (MCNP —MCATK)/MCNP.

MCNP Flux MCATK Flux Relative Diff.

OLIN <0.5MeV | >05MeV | Total | <0.5MeV | >0.5MeV | Total
D 513e-02 | 2.10e+00 | 2.15e+00 | 1.69e-03 | -4.56e-04 | -4.07¢-04
D0 249e-02 | 3.48e-01 | 3.73e-01 | -3.86e-03 | -1.03e-03 | -1.47e-03
A 1.64e-02 | 1.48e-01 | 1.65e-01 | -3.04e-03 | -3.67e-04 | -6.33¢-03
0 1.21e-02 | 871e-02 | 9.92e-02 | -2.71e-03 | -4.69¢-04 | -7.42¢-04
N 941e-03 | 5.92e-02 | 6.86e-02 | -1.80e-03 | 1.80e-05 | -2.33¢-04
3 7.55¢-03 | 439e-02 | 5.14e-02 | 1.70e-03 | -4.70e-04 | -1.50e-04
0 6.18¢-03 | 3.41e-02 | 4.03e-02 | 1.43e-04 | -6.27e-04 | 5.09¢-04
0 5.10e-03 | 275e-02 | 3.26e-02 | 530e-05 | -5.07e-04 | -4.21e-04
U 4.22e-03 | 226e-02 | 2.68¢-02 | 3.13¢-04 | -4.95¢-04 | -3.67¢-04
I8 3.52e-03 | 1.89e-02 | 2.24e-02 | 1.52¢-03 | -8.03e-04 | -4.40e-04

21 4.19e-04 3.39e-03 | 3.80e-03 | 1.88e-03 4.76e-04 | 6.30e-04
22 ‘ 3.32e-04 2.85e-03 | 3.19e-03 | 3.85e-03 1.29e-03 1.55e-03
23 2.59e-04 2.38e-03 | 2.64e-03 | 4.87e-03 1.15e-03 1.51e-03
24 1.94e-04 1.95e-03 | 2.14e-03 | 3.98e-03 1.13e-03 1.39¢-03
25 ‘ 1.31e-04 1.53e-03 | 1.66e-03 | 2.32e-03 2.00e-03 | 2.02e-03

Table 4: Comparison of MCATK and MCNP6 photon flux [photons/cm?/sh]
from a time-dependent calculation of a Uranium sphere. Relative difference
calculations were performed (MCNP — MCATK)/MCNP.

MCNP Flux MCATK Flux Relative Diff.

0518 < 1.0 MeV | > 1.0 MeV Total < 1.0 MeV | > 1.0 MeV Total
| \ 1.76e-01 1.12e-01 | 2.88e-01 | 2.94e-03 5.74e-03 | 4.03e-03
2 5.67e-02 4.49e-02 | 1.02e-01 | 3.73e-03 6.52e-03 | 4.97e-03
3 2.92e-02 2.61e-02 | 5.53e-02 | 6.44e-03 6.72¢-03 | 6.57e-03
4 \ 1.86e-02 1.78e-02 | 3.64e-02 | 6.88e-03 9.43e-03 | 8.12e-03
5 1.33e-02 1.32e-02 | 2.65e-02 | 9.59e-03 8.71e-03 | 9.15e-03
() \ 1.01e-02 1.03e-02 | 2.04e-02 | 1.12e-02 8.19¢-03 | 9.69e-03
7 7.98e-03 8.30e-02 | 1.63e-02 | 1.12e-02 9.98¢-03 | 1.06e-02
8 6.49¢-03 6.81e-03 | 1.33e-02 | 1.09e-02 1.20e-02 | 1.15e-02
9 \ 5.37e-03 5.70e-03 | 1.11e-02 | 1.33e-02 1.11e-02 | 1.21e-02
10 4.51e-03 4.81e-03 | 9.32e-03 | 1.37e-02 1.28e-02 | 1.33e-02
|

21 ‘ 7.95e-04 8.59e-04 | 1.65e-03 | 1.05e-02 1.54e-02 | 1.30e-02
py 6.64e-04 7.16e-04 | 1.38e-03 | 1.17e-02 1.53e-02 | 1.35e-02
23 ‘ 5.44e-04 5.86e-04 | 1.13e-03 | 1.04e-02 1.34e-02 | 1.20e-02
24 4.29e-04 4.60e-04 | 8.88e-04 | 1.13e-02 1.61e-02 | 1.38e-02
25 2.94e-04 3.26e-04 | 6.19e-04 | 1.23e-02 1.67e-02 | 1.46e-02
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5. Summary

We have presented and described the present state of Monte Carlo continuous energy photon
transport in MCATK. The basics of the four photoatomic processes (coherent scattering, incoherent
scattering, pair-production, and photoelectric effect) have introduced and described. A fifth primary
photon process (photodisintegration) was ignored at this time due to the incident photon high-energy
thresholds (greater than 8 MeV') and the smaller interaction probabilities compared to some of the
other photoatomic processes.

In this document, we describe how we implemented the sampling of the four photoatomic
processes, especially coherent and incoherent scattering. This was followed up with some basic unit
test comparisions to analytic and MCNP results. We, also, have documented two basic integrated
tests (for collision and flux tallies) we used to compare to MCNP. Also included is a brief summary
of photon production from neutron interactions, which provides the MCATK library with the ability
to do Monte Carlo coupled neutron-photon transport.

Presently, MCATK does not model Bremsstrahlung or fluorescence produced. To be clear,
MCATK completely ignores the electrons (including any electron energy deposition) at this time.
The MCATK team hopes to include feature improvements in these areas in near future.
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Appendix A. Direct Probability of Scattering Distributions

For this section, we draw heavily from the “Photon Next-Event Estimators Implementation in
MCATK” report by Sweezy (2016). Both coherent and incoherent scattering events result in a
scattered photon. For coherent and incoherent scattering we can directly calculate (not sample) the
probability of scattering (PSC) in a given direction, it = cos 8. This probability often is expressed
as p(Z,R,E — E', i) with resulting energy E’, for reaction R of isotope Z given an incident energy
E.

For coherent scattering, the probability of scattering into a given angle is given by the ratio of
the differential coherent cross section to the total coherent cross section by

Gcoh(ZaEall)

Gcoh(ZaE) 7 (Al)

pcoh(Z,E,,U) =

where o.,,(Z,E, 1) is the differential coherent cross section at angle p and 6,,,(Z,E) is the total
coherent reaction cross section

1
Gcoh(Z,E):/_lacoh(Z,E,u)du. (A.2)

The differential coherent cross section is calculated from the modified differential Thomson cross
section (see Eq. (3))
Ocon(Z,E, 1) = C*(Z,E, 1) T(u), (A3)

where C2(Z,E, i) is the square of the coherent form factor, and T (1) is the differential Thomson
cross section (see Eq. (1)). The outgoing energy for coherent scattering is equal to the incoming
energy

E. ,=E. (A4)

For incoherent scattering, the probability of scattering into a given angle is given by the ratio of
the differential incoherent cross section to the total incoherent cross section by

_ Gincoh<ZvE — El,#)

ncon(Z,E — E' 1) = A5
pmcoh( £ — ,li) o-incoh(Z7E) ’ ( )

where ;.01 (Z,E, 1) is the differential incoherent cross section at angle i and 6,04 (Z,E) is the
total incoherent reaction cross section

1
Gincoh(Z7E) - / Gincoh(Z7E - E/,li)d# (A6)
-1

The differential incoherent cross section is calculated from a modification of the differential Klein-
Nishina cross section (see Eq. (11))

Gincoh(ZaE_)Ela.u) :I(Z,E,‘LL) K(E,[J), (A7)

where I(Z,E, ) is the incoherent form factor, and K(E, 1) is the differential Klein-Nishina cross
section (see Eq. (7)). The outgoing energy is based on the Compton energy collision formula (see

Eq. (5)).
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